Abstract. Quantum systems in which the position and momentum take values in the ring Z d and which are described with d-dimensional Hilbert space, are considered. When d is the power of a prime, the position and momentum take values in the Galois field GF (p ℓ ), the position-momentum phase space is a finite geometry and the corresponding 'Galois quantum systems' have stronger properties. The study of these systems uses ideas from the subject of field extension in the context of quantum mechanics. The Frobenius automorphism in Galois fields leads to Frobenius subspaces and Frobenius transformations in Galois quantum systems. Links between the Frobenius formalism and Riemann surfaces, are discussed.
Introduction
Phase space methods play an important role in quantum mechanics. In the case of a harmonic oscillator, both the position x and the momentum p take values in R (real numbers) and the position-momentum phase space is the plane R × R. The state |f of the system is described with the wavefunction f (x) in the x-representation, or with the wavefunctionf (p) in the p-representation. These two wavefunctions are related through the Fourier transform:
The states |f belong in an infinite-dimensional Hilbert space. There are two important classes of transformations in the phase space R × R. The first is displacements and they are associated with the HeisenbergWeyl group; and the second is symplectic transformations and they are associated with the symplectic group Sp(2, R).
In this article we are interested in quantum systems described with finite-dimensional Hilbert spaces. These systems have been studied originally by Weyl [1] and Schwinger [2] , and later by many authors [3, 4, 5, 6, 7, 8, 9, 10] . A review of the subject with an extensive list of references has been given in [11] . In this case the position and momentum take values in the ring Z d (the integers modulo d) and the phase space of the system is the toroidal lattice Z d × Z d . Displacements in this phase space are discrete and form a Heisenberg-Weyl group.
The next step is to try to define symplectic transformations. We note however that the Z d ×Z d phase space is in general a collection of points with no geometrical structure and we cannot define symplectic transformations. Consequently the properties of such systems are weaker in comparison to the harmonic oscillator. The root of these difficulties is that Z d is a ring. However when the dimension d of the Hilbert space of the system is the power of a prime number p (i.e., d = p ℓ ) the Z d (with appropriate multiplication rule) becomes the Galois field GF (p ℓ ). In this case the phase space is a finite geometry [12] and translations and rotations are well defined and they form groups. In this case we can define the group of symplectic transformations Sp(2, GF (p ℓ )) [8] .
Another problem which leads to similar ideas through another route, is to find mutually unbiased bases (orthonormal bases |a i and |b j such that | a i |b j | 2 = d −1 ) [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . It is known that the number of such bases cannot exceed d + 1; and it is also known that for systems where d is the power of a prime, the number of such bases is indeed d + 1. Related to this is also the so-called 'mean king's problem' [24, 25] .
Galois fields play a central role in classical coding and these techniques could be transfered in quantum information processing. Work with Galois fields in the context of quantum coding has been reported in [26, 27, 28] .
In summary, Galois fields in finite quantum systems have been introduced either in order to have well defined symplectic transformations; or in the context of mutually unbiased bases; or in the context of quantum coding. In this paper we are interested in the use of Galois fields in quantum mechanics, as a subject in its own right rather than as an application driven problem. Most of the material presented here has appeared in the literature from a different point of view. The aim of this review article is to present these ideas with a different emphasis and promote the interaction between Galois fields and quantum mechanics.
We transfer the concept of field extension in the context of Hilbert spaces. We start with a p-dimensional Hilbert space H (where p is an odd prime number) and through tensor product of ℓ such spaces, we construct a p ℓ -dimensional Hilbert space H. In this space the Fourier transform F is defined in terms of additive characters in GF (p ℓ ) and is different from F ⊗ ... ⊗ F, where F is the Fourier transform in H. The Fourier transform F is very important because it provides the 'Galois identity' to these systems. We then develop concepts like Galois conju-gate position (and momentum) states; Frobenius subspaces; Frobenius transformations, etc. Frobenius automorphisms play an important role in Galois fields; and here we develop analogous concepts in Hilbert spaces in the context of quantum mechanics (and in the related area of applied harmonic analysis). We also explain that there are interesting connections between the Frobenius formalism in Galois theory and Riemann surfaces.
In section 2 we present some ideas from the theory of Galois fields, in the language of matrices. In section 3 we discuss the basic theory of general systems with finite Hilbert space. Galois quantum systems are discussed in section 4. An important part of Galois theory is the Frobenius transformations and their implications in the present context are studied in section 5. Links between the Frobenius formalism in a quantum mechanical context and Riemann surfaces are discussed in section 6. We conclude in section 7 with a discussion of our results. .
Galois fields
We consider the Galois field GF (p ℓ ). Its elements can be written as polynomials:
These polynomials are defined modulo an irreducible polynomial of degree ℓ:
Different irreducible polynomials of the same degree ℓ lead to isomorphic finite fields. Results of practical calculations do depend on the choice of the irreducible polynomial, but different choices lead to isomorphic results. The powers α, α p ,...,α p ℓ−1 are Galois conjugates. The elements of the base field Z p are Galois self-conjugates. The trace of α is the sum of all its conjugates:
All conjugates have the same trace.
We consider a nonzero constant h in GF (p ℓ ) which we call 'inverse Planck's constant' because later will play such a role in quantum systems. For practical calculations we introduce the:
Vourdas
We also introduce the following ℓ × ℓ matrices with elements in Z p :
We note that the determinant of g is non-zero and therefore its inverse G exists. The GF (p ℓ ) can be regarded as a ℓ-dimensional vector space with the 1, ǫ, ǫ 2 , ..., ǫ ℓ−1 as a basis. We can change this basis into a different basis, and for later use we introduce the dual basis E 0 , E 1 , ..., E ℓ−1 , as follows:
A number α ∈ GF (p ℓ ) can be expressed in the two bases as:
We refer to α λ andᾱ λ as the components and dual components of α, correspondingly. They are related as follows:
The trace of hα is given by
If β is another number in GF (p ℓ )
the trace of hαβ is given by
Galois conjugates
For practical calculations of the Galois conjugates we introduce the ℓ × ℓ matrix C with elements in Z p , through the relations:
Here κ, µ take values from 0 to ℓ − 1. We can show that more generally
where λ take values from 0 to ℓ − 1. For λ = 0 we have C 0 = 1. Also
where δ is the Kronecker delta. We can now express the conjugates of the arbitrary number α of Eq. (2) as
The Frobenius map
defines an automorphism in GF (p ℓ ). It maps the Galois conjugates to each other and leaves all elements of the base field Z p fixed. The Frobenius map can be written in terms of the components of α and α p as:
Characters
Below we will use the complex-valued function
This is an additive character in GF (p ℓ ):
Vourdas
We can easily show that for n, m, r ∈ GF (p ℓ ):
A more general relation is
We note that in terms of the components of the m p λ , r δ m
Example
We consider the Galois fields GF (9) and calculate the quantities defined above for the irreducible polynomial ǫ 2 + ǫ + 2. We find that
We also choose h = 1 and find that
In this case
If we choose h = 1 + ǫ we find that
Finite quantum systems
We consider a quantum system with a d-dimensional Hilbert space H. A physical example is a system with spin j for which d = 2j + 1. We consider an orthonormal basis of 'position states' which we denote as |X ; m where m takes values in the ring Z d . Here X is not a variable, but it simply indicates position states. Through a Fourier transform we will define the 'momentum basis' |P; m and the position-momentum phase space.
Fourier transforms
The Fourier transform is defined as:
where
The Fourier transform obeys the relation:
The momentum states are defined as
and they form another orthonormal basis in H. The position-momentum phase space is the toroidal lattice
Position and momentum operatorsx andp are defined aŝ
n|P; n P; n|;p = FxF † (33)
Displacements
In the Z d × Z d phase space we define the displacement operators
They are displacement operators in the sense that:
Powers of the displacements operators form the Heisenberg-Weyl group. Indeed we can show that the displacement operators obey the relations
where α,β are integers in Z d . General displacement operators are defined as
4. Quantum systems with dimension d = p ℓ
Galois quantum systems
We have considered quantum systems with position in the ring Z d . When d = p (where p is a prime number) the Z p is a field. We will use the concept of field extension to introduce quantum systems with position in the Galois field GF (p ℓ ). In doing so we combine ideas from Galois fields, Fourier transform, quantum mechanics and applied harmonic analysis. Let H be p-dimensional Hilbert space, where p is an odd prime. We consider the tensor product
of ℓ such spaces and use calligraphic letters for operators and states on the various p-dimensional Hilbert spaces H; and ordinary letters for operators and states on the p ℓ -dimensional Hilbert space H. The position states in H can be labeled with m ∈ GF (p ℓ ) in the following way:
where the notation of Eq. (8) is used for the components of m. This is, of course, a trivial labeling rule. Galois theory ideas enter into quantum systems when we introduce the Fourier transform as:
The characters of Eq.(19) enter in this Fourier transform. h plays the role of the inverse Planck's constant.
Acting with this Fourier transform on position states we get momentum states
The dual componentsm i of m enter in the momentum states, while the components m i enter in the position states. We note that |P ; m is different from |P; m 0 ⊗...⊗|P; m ℓ−1 . Related to this is the fact that F is different from the operator F ⊗...⊗F. Indeed
and
We stress that a Galois quantum system with Hilbert space H, Fourier transform F and positions (and momenta) in GF (p ℓ ) is different from a quantum system with the same Hilbert space H but with Fourier transform F ⊗ ... ⊗ F and positions (and momenta) in
The position operator is defined as:
With a Fourier transform we can define the momentum operator as:
Their eigenvalues obey the relation m p ℓ = m and therefore according to the Cayley-Hamilton theorem:
Example
As an example we consider the GF (9) and we choose the irreducible polynomial ǫ 2 + ǫ + 2, as in section 2.3. We consider the position state |X; 1 + ǫ = |X ; 1 ⊗ |X ; 1 (48)
Vourdas
For h = 1, the dual basis is E 0 = −ǫ and E 1 = −1 + ǫ. Therefore 1 + ǫ = E 0 − E 1 and
For h = 1 + ǫ, the dual basis is E 0 = 1 − ǫ and E 1 = 1 + ǫ. Therefore
Displacements in Galois quantum systems
We define the displacement operators
We are interested in more general powers Z α and X β where α, β ∈ GF (p ℓ ). We can easily prove that for α, β ∈ Z p the powers Z α and X β are given by:
But for α, β ∈ GF (p ℓ ) we need to define the meaning of a complex matrix to a power which belongs in a Galois field. In this case Eq.(52) is a definition for Z α and X β . We next show that
They are analogous to Eqs(35),(36) with an extra trace. We also show
This is analogous to Eq.(37) with an extra trace. General displacement in the GF (p ℓ ) × GF (p ℓ ) phase space, are defined as: 
Hereᾱ i are the dual components of α and β i are the components of β as in Eq.(8).
Frobenius formalism

Frobenius automorphism and irreducible polynomials
The product
involves all the Galois conjugates and is an irreducible polynomial of degree ℓ in Z p [y] (the polynomials with coefficients in Z p ). The product of all distinct irreducible polynomials in Z p [y] of degree d, where d is a divisor of ℓ, is:
For simplicity, ℓ is taken below to be a prime number. In this case the Z p is the only proper subfield of GF (p ℓ ) and we have a two-layer structure with a total of p + s irreducible polynomials, where
The first layer has s irreducible polynomials with degree ℓ; and to each of them correspond ℓ Galois conjugates. We label them with i = 0, ..., s − 1. The second layer has the p polynomials f i (y) = y − m where m ∈ Z p . We label them with i = s, ..., s + p − 1. Their product is
The fact that Z p is a subfield of GF (p ℓ ) implies that the y p − y divides the y p ℓ − y.
Frobenius subspaces
The Frobenius automorphism is central in Galois formalism and in this section we study its implications in our context. We show that the full Hilbert space splits naturally into 'Frobenius subspaces' comprised by states labelled with Galois conjugates. We also construct transformations which leave these subspaces invariant. We call conjugate position states the ones which are labelled with Galois conjugate numbers. They are the states
where λ takes the values 0, ..., ℓ − 1. We split the Hilbert space H into subspaces, each of which is spanned by conjugate position states.
All conjugates correspond to a particular irreducible polynomial and we label each of these subspaces with the index of the corresponding irreducible polynomial. For the irreducible polynomial
we consider the space
The index i indicates the corresponding irreducible polynomial and the index X indicates that the position states have been used. We can use the states U |X; m where U is any unitary operator, and we will get different Frobenius subspaces which we denote as H U Xi . We call Π Xi the projection operator to the space H Xi . The Hilbert space H is the direct sum of all Frobenius subspaces. For prime ℓ, there are s Frobenius subspaces which are ℓ-dimensional and we call H A their direct sum; and there are p Frobenius subspaces which are one-dimensional and we call H B their direct sum:
Frobenius transformations
We call Frobenius transformations the following unitary transformations in H Xi :
Here m is one of the Galois conjugates corresponding to the irreducible polynomial f i (y) and by taking all λ ∈ Z ℓ we get all the Galois conjugates. For the one dimensional spaces H Xi , the G i is simply the projection operator Π Xi :
We sum all the transforms G i and we get
We can show that
The operators G λ map the position state |X; m to its Galois conjugate position states |X; m p λ . We can express this in terms of the various components of these states as:
and more generally that
where λ ∈ Z ℓ . When α, β ∈ Z p the G commutes with D(α, β). We note here that although G commutes with X and Z, it does not commute with its powers X α and Z α when α ∈ GF (p ℓ ). We next use Eq. (16) and the relation
and taking into account Eq.(57) we rewrite Eq.(72) as:
Quantum formalism in H Xκ
In this section we use the notation m(i) for one of the conjugates corresponding to the irreducible polynomial f i (y). 65) can be written as the direct sum of the spaces H Xκ which are defined as follows. We take one position state from each of the ℓ-dimensional spaces H Xi in Eq.(64) and introduce the s-dimensional space:
Since each of the m(0), ..., m(s−1) corresponds to a different irreducible polynomial, there are no Galois conjugates among them. Acting with powers of G on H X0 we get the following 'copies' of H X0 :
It is easily seen that
We call Σ Xκ the projection operator to the space H Xκ . We construct briefly a quantum formalism analogous to the one presented in section 3 for each of the s-dimensional spaces H Xκ . Here the states |X; [m(λ)] p κ play the role of 'position states' labeled with λ ∈ Z s ; the dual ('momentum') states are defined through a Fourier transform F κ which is defined below; and the phase space is Z s × Z s .
In H Xκ we introduce the Fourier transform:
Clearly the Fourier transform F κ is very different from the Fourier transform F of Eq.(41). We define displacement operators in H Xκ as
In analogy with Eqs(37), we can show that the S κ , R κ form a HeisenbergWeyl group:
We act with F κ on the ℓ position states of Eq.(64) and we get the dual states:
They can be viewed as 'momentum states' within the space H Xκ ; but they are very different from the states |P ; m = F |X; m . In analogy to Eqs(35),(36) we get:
and also
We also introduce the 'position' operator in H Xκ
and its dual
The function ∆ 1 (λ) is defined as
It is explained in [11] that it is the analogue of the first derivative of delta function in the present context. The operators r κ and g κ are very different from the position and momentum operatorsx andp in Eqs(45),(46). In analogy with Eq.(34) we show that
Vourdas
We note that acting with G on both sides of the various operators that we defined above in H Xκ we get the corresponding operators in H Xκ+1 :
Physically, the transformations S κ can be implemented in a system with Hamiltonian g κ . In this case the evolution operator exp(−itg κ ) becomes equal to a power of S κ at times which are integral multiples of t 0 = 2π/s. In such a system, the above formalism provides information about the 'stroboscopic evolution'. For example a state which belongs in the subspace H κ will evolve at times N t 0 (where N is an integer) into another state in the same subspace. Also, the system will return to its original states at times which are integer multiples of N st 0 . Similar comments can be made for the transformations R κ which can be implemented in a system with Hamiltonian r κ . The use of the spaces H κ in real physical problems requires further work. Potential applications include quantum coding, other schemes to protect quantum devices from enviromental noise, quantum information processing, the magnetic translation group in condensed matter, quantum chaos, etc.
Example
As an example we consider the GF (9) and choose the irreducible polynomial ǫ 2 + ǫ + 2. The various irreducible polynomials are in this case factorized as follows:
Eqs.(61),become in this case
Vourdas
In the space H X1 the operators S 1 and R 1 are given by S 1 = |X; 2 + 2ǫ X; 2ǫ| + |X; 2 + ǫ X; 2 + 2ǫ| + |X; 2ǫ X; 2 + ǫ| R 1 = |X; 2ǫ X; 2ǫ| + Ω|X; 2 + 2ǫ X; 2 + 2ǫ| + Ω 2 |X; 2 + ǫ X; 2 + ǫ| (97)
Frobenius formalism and Riemann surfaces
The Frobenius formalism led to ℓ copies of the space H X0 . This is similar concept to the ℓ sheets in a Riemann surface related to the map
More generally, there are links between the Frobenius formalism in Galois theory and Riemann surfaces. They have been discussed in various contexts (e.g., [29] ) and here we discuss these links in our own context. Various analytic representations have been used in quantum mechanics (for a review see [30] ). Here we show that an analytic representation of quantum states in the space H A can be defined in the ℓ-sheeted covering of a sphere, with states in H Xκ represented by functions on the κ-sheet. This analytic representation is similar to the one discussed in [31] in a model which was introduced from a Riemann surfaces point of view and did not involve Galois theory. The aim here is to show the conceptual link of this model to Galois theory. The model uses SU (2) transformations and SU (2) coherent states in the spaces H Xκ . We refer to [31] for technical details and here we present briefly only a few formulas which show the connection between Riemann surfaces and Galois theory in a quantum mechanical context. For simplicity we consider the Bose case of odd s; but the formalism can be extended to the Fermi case of even s also.
We consider a sphere where a point is described in spherical coordinates with the angles (α, β), where 0 ≤ α ≤ π, 0 ≤ β < 2π. A sphere is topologically equivalent to the extended complex plane C E = C ∪ {∞} and the stereographic projection
provides a one-to-one mapping between the two. The south pole is mapped to the point z = 0 and the north pole to ∞. The metric in the extended complex plane is
where z R , z I are the real and imaginary parts of z, correspondingly. We next introduce the ℓ-sheeted extended complex plane as follows. The north and south poles are branch points of order ℓ − 1. The cuts C κ and the sheets S κ are given by
The sheet number of a complex number z is defined as
where IP stands for the integer part of the number. In order to find the metric in the ℓ-sheeted extended complex plane, we replace z with z ℓ in Eq.(100)and we get
A state
in H A , is represented with the polynomial
The function f (z) in the sheet S κ depends only on the projection Σ Xκ |f of the state |f in the space H Xκ . A state which belongs entirely in the space H Xλ is represented by a function f (z) which is equal to zero in all sheets apart from the S λ . The function f (z) is analytic in the interior of all sheets S κ and has discontinuities across the cuts C κ given by
The scalar product is given by
The Frobenius transformations G are easily implemented in this representation as follows. If f (z) represents the state |f then
The above analytic representation shows that there is an interesting relation between the Frobenius formalism in Galois theory and Riemann surfaces. More work is required in this direction, with more complicated quantum systems and more complex Riemann surfaces.
Discussion
Galois fields have been introduced in quantum mechanics with a clear physical motivation: in order to have well defined symplectic transformations; or in the context of mutually unbiased bases; or in the context of quantum coding.
The motivation in this article is more mathematical and aims to bring a concept similar to field extension in the context of Hilbert spaces. Field extension constructs large fields from smaller ones. We started with a 'small' Hilbert space H describing a system where the position and momentum take values in the field Z p . Through tensor product we constructed a 'large' Hilbert space H with the Fourier transform F of Eq.(43), describing a system where the position and momentum take values in the Galois field GF (p ℓ ). This Galois quantum system is different from another quantum system with the same Hilbert space H but with Fourier transform F ⊗...⊗F of Eq.(44) and positions (and momenta) in Z p × ... × Z p .
Galois quantum system 'inherit' properties from Galois fields and in this paper we discussed the Frobenius formalism. We have considered the case of prime ℓ with a simple two-layer structure; but the discussion can be extended to all ℓ with a more complex multi-layer structure. We have introduced Frobenius subspaces spanned by Galois conjugate position states and we have constructed the Frobenius transformations of Eq.(66) which leave invariant these subspaces.
We have also introduced the spaces H X,0 , ..., H X,ℓ−1 (which are copies of each other) and constructed explicitly Heisenberg-Weyl groups of transformations in them. An analytic representation has been used to show the relationship of this construction to ℓ-sheeted Riemann surfaces. Potential applications include quantum coding, quantum infor-mation processing, the magnetic translation group in condensed matter, quantum chaos, etc.
In Galois quantum systems we have blended the areas of Galois fields and quantum mechanics. This is interesting from a mathematical point of view; and at the same time it might have several applications.
